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Abstract. The behaviorist view of learning that informs much of tradi-
tional schooling is not likely to invite students and teachers to see errors
in a positive light. This is particularly true for mathematics. Our goal
is to change this situation by including erroneous examples and other
error-related learning opportunities in ACTIVEMATH.

This paper investigates the systematic design of erroneous examples.
For this, it analyzes the potential benefits that erroneous examples can
have and distinguishes different presentation patterns. This analysis to-
gether with first experiences from school and from a university course
with ACTIVEMATH informs further research on effects, adaptive choice
and presentation of erroneous examples in ACTIVEMATH.

1. Introduction

The behaviorist view of learning that informs much of traditional schooling is not
likely to invite students and teachers to see errors in a positive light. Behaviorism
assumes that learning is enhanced when correct responses are rewarded (positive
reinforcement) and incorrect ones are either punished or extinguished through
lack of attention (withholding of positive reinforcement) [8]. Approaches to use
errors as learning opportunities may help to overcome the traditional transmission
view of mathematics teaching and learning.

Within the traditional framework, paying explicit attention to (mathematical)
errors in class is even considered by many as dangerous since it could interfere
with fixing the correct result in the student’s mind. Indeed, the effectiveness of
erroneous examples for different kinds of learners is an open issue and may depend
on the individual learner. [15] investigated teachers’ point of view on this and
other issues with no conclusive results.

We know only of little research in psychology [12,5] which targets learning
with erroneous examples. Some research in maths education addresses learning
from errors that others made or that are deliberately introduced [1,9,14]. Mostly,
these describe positive and creative reactions of teachers to student errors in
the classroom which may be hard to implement in a learning environment. Hart
[6] addresses the need to diagnose the learner’s misconception (rather than the
teacher’s conceptions) for a proper reaction.



An intelligent system should use its potential to work with errors productively.
One way to do this is through providing feedback on errors the student made.
Another way is to include erroneous examples — a rather unusual type of exercises
— into the learning experience.

This paper reports first steps and experiences with erroneous examples in the
adaptive learning environment ACTIVEMATH [7]. This sets the stage for other
computational issues such as generaltion of erroneous examples and adaptive
choices. It investigates dimensions for the systematic design of erroneous ex-
amples. For illustration, the paper includes examples from our fraction course
(school) and the derivatives course (university) which both are available online.

We would like to stress that the described design of erroneous examples does
not primarily target the design of erroneous examples for lab experiments. Pre-
sumably, for this a more fine-grained tweaking is needed to obtain statistically
significant results in a limited time-on-system.

2. Targeted Dimensions of the Learning Process

Including erroneous examples as exercises into a learning experience can serve
several purposes:

(1) improvement of learner’s motivation [14] and influence on students’ attitudes
towards failure and success.

(2) Proper understanding of concepts which includes conceptual change in case of
a misconception [13] and understanding concept’s boundaries. For concept learn-
ing, previous research indicates that people tend to use positive instances and ig-
nore negative instances, see, e.g., [2]. This is an inefficient strategy. One measure
to push students to look at negative instances is to require an explicit work on
erroneous examples.

(3) Improve reasoning capabilities, e.g., the correct application of rules and the
application of correct rules as well as hierarchical/structured problem solving.
(4) Train meta-reasoning including critical thinking, self-monitoring, and enforce
self-explanation [12] to judge solution steps as correct or faulty. Meta-cognitive
skills are required to overcome the barriers imposed by the student’s prior knowl-
edge and conceptions [10], and finding and correcting errors in an example can
stimulate and prompt meta-cognitive activities. Critical thinking is sometimes
neglected for mathematics and its applications. However, in real life people have
to be able to judge whether a mathematical result is acceptable or to discover the
conditions under which it is correct. They have to be able to find out the reason
for an error. Learning should therefore, target this capability.

(5) Encourage exploration. Borasi [1] reports striking experiences on how even
below-average students start questioning and exploring mathematics, when con-
fronted with an error and encouraged to dwell on it.

(6) Change attitudes. In the traditional classroom there is not much room for
being wrong, not even temporarily. Schoenfeld [11] reports that most students
believe that if you can’t solve a problem in a few minutes, you can’t solve it
at all. A mistake is interpreted as an ultimate failure and there is little room
for experimentation (and debugging). When guessing, experimenting and playing



with partially correct conjectures are discouraged, the only remaining alternative
for many students is getting stuck. Schoenfeld concludes that this attitude is an
important factor in students’ inability to cope with non-routine problems.

3. Design of Erroneous Examples

It is an art to design erroneous examples that include an obvious inconsistency
and provoke conflicts. The most relevant variables for the design of an erroneous
example are the actual error/misconception addressed and the example’s actual
presentation. The first is addressed implicitly in the examples below because
it depends on the domain and on the typical errors that occur, the second is
explicitly addressed.

There are several types of (typical) errors including buggy rules, misconcep-
tions, and frequent slips such as wrong labels for quantities. A vast pedagogi-
cal literature about typical errors exists for school mathematics, e.g., for compu-
tation with fractions [4]. They collect and analyze procedural errors as well as
misconceptions, e.g., [13].

As for the presentation, alternatives of the following Derivation Erroneous
Example are described below.! In section 5 we summarize observations on when
which presentation seems appropriate.

FEve wants to compute the derivative of the function: y = m for x # %

Her solution contains one or more errors. Please find the first error. 2

Eve’s solution: since x # % holds, the function is differentiable in its domain.
She uses the Chain Rule for computing the derivative.
The Chain Rule states that the derivative of a composite function f o g can be

calculated as follows (f o g)'(z) = f'(g(x)) - ¢'(x).
Eve choosesfzgi2 andg=1-2-x
Now, Eve calculates the first factor (g%)’.

She begins with rewriting f = g% as f = g=2 which leads to f'(g) = (-2)g>
Then she calculates the second factor: ¢'(z) = —2.

Finally, she combines the factors as follows:
(flg(@) = (fog)(x)=(-2)-(1-2-2)%(=2)=4-(1 -2 -2)3.

Erroneous Results vs FErroneous Worked Solution The Derivation Example
shows an erroneous worked solution. An alternative presentation that can be gen-
erated consists of the erroneous result only.

Eve wants to compute the derivative of the function y = m for x # %

Her solution is f'(x) = (1 —2-x)3. Please find the error.

Correcting Errors vs Finding and Correcting In the first version, the errors are
marked in the presentation of the erroneous example and the student is asked
to correct them. In the second, the learner has to find the errors first and then
correct. These alternatives can be produced automatically.

1This example is one from a set of erroneous examples we used in ACTIVEMATH
2correcting the errors is requested subsequently



High-Level vs. Low-Level Questions Low-level questions ask for a particular step
in the worked solution. For the Derivation Example, a multiple choice question
(MCQ) with low-level choices asks to decide which of the following alternatives
did actually occur in the erroneous example:

the Chain Rule is not applicable here
Eve differentiated % wrongly

Eve differentiated 1 — 2 - x wrongly
the computation of (f o g)(x) is wrong
a condition is missing.

A high-level question may cover several occurrences in a worked solution or ask for
violated principles. An MCQ with high-level questions for the Derivation Example
asks which type of error occures (first):

e a wrong derivation rule was chosen

e a rule was applied incorrectly

e an algebraic transformation was wrong

e the solution is correct only under certain conditions

MCQ vs Marking Both, MCQ and Marking exercises are choice exercises. There-
fore, they can have the same representation from which either a low-level MCQ-
or a Marking-interaction can be generated.

Describing as Erroneous vs Asking Student for Decision. The above Derivation
Example indicates that Eve’s solution is erroneous. Alternatively, the student is
asked whether this solution is correct or not and why. If we decided for the second
strategy, then it needs to include similar prompts for correct examples. A special
case of ’Asking’ addresses (missing) conditions (as for z = % in the Derivation
Example) and asks “in what circumstances could this result be considered cor-
rect?”. Another special case of *Asking’ is the presentation of two solutions of the

same problem for which one of them is flawed.

Feedback vs no Feedback In their study Grosse and Renkl [5] do not provide
feedback to students. We think that feedback is crucial.

4. Adaptation wrt. Concept and Presentation

A user-adaptive system will choose erroneous examples (1) according to a meta-
goal of learning, (2) according to a particular concept or rule the learner needs to
understand and (3) appropriate wrt. difficulty. That is, the choice will depend on
what the student model exhibits about the learner’s misconceptions, buggy rules
and attention, about his learning goals, and general capability.

For one and the same erroneous example there could be different reasons to
choose it for different students. For instance, the Proof Example below can target
the fringe conditions of division for one learner and target better attention and
monitoring of his problem solving process for another student.

The learning goal and concepts can be served by the choice of an particular
erroneous example and by the level (and content) of the questions/tasks for the
learner. The difficulty is greatly influenced by the tasks and form.



5. Hypotheses and Observations for Erroneous Examples in Tests

This section summarizes first observations from two formative tests we have been
running with erroneous examples in ACTIVEMATH. The study with about 120
students at an under-privileged school (6th grade) did not allow for controlled
conditions. For now, we can report observations only. Another study was per-
formed in a seminar with 17 second to fourth year computer science students at
the University of Saarland and we tested the acceptance and problems of work-
ing on erroneous proofs and erroneous derivation examples. In addition, a very
mixed population (academics, non-academic adults and children) with 53 subjects
was tested with erroneous proof of 2 = 1 given below. The conditions were not
controlled.

For the school test with ACTIVEMATH, we interviewed teachers on the er-
rors they would target for fractions. The resulting most frequent errors concern
buggy addition procedure. These errors are addressed in erroneous examples of
the current ACTIVEMATH fraction course, for instance

FEve made a mistake when computing the sum of% and %.
She computed % + % = 1%
Find her mistake! (and later: compute the sum ofé and % correctly).

For the university test with ACTIVEMATH, we employed the Derivation Er-
roneous Example and other examples with the following frequent errors for com-
puting derivatives in terms of misconceptions and buggy rules

wrong derivation rule used

wrong application of a rule

misconception of composite function, e.g., wrongly assumed commutativity
misconception about variables or about dependency of variables
misconception about fringe elements. No restriction of function domain
wrong interpretation of the derivative in word problems

Moreover, we tested subjects with the erroneous Proof Example:

Let a = b

multiply both sides of equation with a a®> = ab

add (a® — ab) on both sides a?+a?—2ab = ab—a®—2ab
take out (a® — ab) 2(a®> —ab) = 1(a® — ab)
division by (a® — ab) on both sides 2 =1

To summarize, observations at school indicate that

(1) replacing examples by erroneous examples increased the motivation of almost
all students

(2) students read/studied the erroneous examples more carefully than normal ex-
amples (which they obviously did not self-explain). That is, erroneous examples
fought the problem that in maths classroom many students do not read instruc-
tions, definitions, examples carefully and do not spontaneously self-explain but
immediately go to the exercises (performance-orientation)

(3) working with erroneous examples took longer than working with material that
included examples instead. This indicates a conflict with the ’economy of learning’
that prefers performance-oriented ways of learning.



Observations in the university experiment indicate that those students who
were well-trained in logic and knowledgeable about epsilon-delta proofs, judged
the task of finding and correcting some of the errors as ’too easy’, even for a
mistake for which other students struggle to discover it. Not surprisingly, this in-
dicates that the choice of erroneous examples needs to be adapted to the learner’s
prerequisites and capabilities.

The test in which the above Erroneous Proof Example 2 = 1 was used, was
performed with a mixed population of 53 subjects 38 found the error and 15 did
not. The Erroneous Proof gave rise to an unusually high attention (between 1
minute (for quick solvers only, the lowest dropout time was 5 minutes) and 20
minutes (one non-solver took even 45 minutes)!). 10 non-solvers rated erroneous
examples exercises as a “useful way to learn mathematics”. 5 non-solvers rated
erroneous examples exercises as not useful. 28 solvers rated erroneous examples
exercises as useful. 10 non-solvers rated erroneous examples exercises as not useful.
A possible reason for this relative high attention and acceptance rate may be the
obvious conflict 2 = 1 which can be thought provoking.

For the different ways to present erroneous examples in §3 the following hy-
potheses were (partially) supported in the tests.

Erroneous Results vs Erroneous Worked Solution When given only an erroneous
results, the task was more challenging. Students had to build possible solutions
paths themselves. On the one hand, this seems to be more difficult than judging an
erroneous worked example (and low-achieving students give up more easily). On
the other hand, constructing alternative solution paths provides precious training.
If a student is not able to find the error when given the result only, then presenting
the erroneous worked solution can be the next choice.

We hypothesize that similar to the setting of self-explaining worked examples,
the parts of the (erroneous) worked solution provides reminders and more support
to a student than a full problem solving exercise.

Correcting Errors vs Finding and Correcting Finding and correcting errors was
more difficult for (weak) students than only correcting errors with feedback. Find-
ing and correcting involves two types of activities, the first one for reasoning and
explaining and the second one for problem solving. That is, ’finding’ required
reasoning, self-explaining and/or careful watching each step in the example. This
first interaction provides good learning opportunities. Therefore, only if a student
cannot 'find’ the error, she should obtain a correction-only presentation of the
erroneous example.

High-Level vs. Low-Level Questions. Sometimes it is difficult to ask reasonable
high-level questions other than ’is the result correct or incorrect?” To answer
abstract questions, the student has to understand what the principles are and
where they occur in the worked solution. Since high-level questions can be followed
by lower-level questions or marking, the guidance itself is structured and thus,
can support a more structured reasoning. This was observed in the university
course. In the school test, this situation was observed too for tutor interventions
but not yet tested with ACTIVEMATH.



Low-level MCQ vs Marking. We observed that marking seems to be more dif-
ficult for low-achieving students and can be somewhat more confusing at places
(should a formula/result be marked or the reasoning/text that led to it?). We
hypothesize that this is due to the smaller number and the explicit choice in case
of MCQ.

Describing as Erroneous vs Asking Student for a Decision. Especially, the knowl-
edgeable university students judged the more open format (in which they had to
decide themselves about correctness) more interesting than a design stating that
the solution is erroneous. We hypothesize that such a presentation will be more
motivating for capable students. Moreover, the student has to be able to checking
solutions and to inspect the problem solving space in order to be able to succeed
with the problem.

Feedback As opposed to erroneous examples in the experiments of [5] ACTIVE-
MATH provided orienting feedback for the finding phase as well as for the cor-
rection phase of erroneous examples. More detailed feedback is still under con-
struction for the school course. For school students, the observations suggest that
visualizations of the consequences of a learner’s response may be needed in order
to provoke cognitive conflicts.

6. Conclusion

Currently, erroneous examples are a rather unusual type of exercises in schools
and in learning systems. However, they offer an interactivity that is primarily
learning-oriented rather than performance-oriented.

We designed erroneous examples in ACTIVEMATH with the long-term goal to
improve the quality of learning at the cognitive and meta-cognitive level. This
paper discussed several potential benefits of erroneous examples and different
ways to design erroneous examples.

We reported the (informal) experiences from tests of ACTIVEMATH with er-
roneous examples in a school and at the university.

Future Work

This work provides a basis for adapting to learning goals and students’ capa-
bilities. Future work will investigate in which situations erroneous examples are
beneficial, how they have to be adapted for which learners, and how to gener-
ate useful feedback. Another problem is how to measure the learning effects that
differ from performance improvement. This is important because performance is
not the only dimension and may not even be the most important dimension of
growth as discussed in section 2.
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